A NEW SUBCLASS OF CLOSE-TO-CONVEX FUNCTIONS
J. K. PRAJAPAT, AMBUJ KUMAR MISHRA, AND P. K. TONDAN

ABSTRACT. In this work, we introduce and investigate an interesting subclass X:(y) of an-
alytic and close-to-convex functions in the open unit disk U. For functions belonging to the
class Xi(y), we drive several properties including (for example) the coefficient estimates,
distortion theorems, covering theorems and radius of convexity.

1. INTRODUCTION

Let A denote the class of functions of the form
(1.1) f(2) :z—i—Zanz",
n=2

which are analytic in the open unit disk U= {z: z € Cand |z| < 1}. Let §,S8* and K be the
usual classes of function which are also univalent, starlike and convex, respectively. We also
denote by S§*(7) the class of starlike function of order ~, where 0 <y < 1.

Definition 1.1. If f and g are two analytic functions in U, then f is said to be subordinate
to g, and write f(z) < g(z), if there exists a function w analytic in U with w(0) = 0, and
|lw(z)| <1 for all z € U, such that f(z) = g(w(z)), z € U. Furthermore, if the function g is
univalent in U, then f(z) < g(z) if and only if f(0) = ¢g(0) and f(U) C g(U) in U.

Cho and Zhou [2] introduced following subclass s of analytic function, which indeed a
subclass of close-to-convex functions.

Definition 1.2. A function f € A is said to be in the class Ks, if there exist a function
ges” (%), such that

BEVLO .
(1.2) 3‘%( g(z)g(_z)) >0, ze€U.

Recently, Knwalczyk and Le$-Bomba [3] extended Definition 1.2, by introducing the fol-
lowing subclass of analytic functions.

Definition 1.3. A function f € A is said to be in the class Ks(y), 0 < v < 1, if there exist
a function g € §* (%), such that

2/
(1.3) 9%<—Zf<Z)> >y, ze.
9(2)g(—2)
Motivated by above defined function classes, we introduce the following subclass of analytic
functions.
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Definition 1.4. A function f € A is said to be in the class Xi(y) (|t]| < 1,t #0,0 <y < 1),
if there exist a function g € §* (%), such that

t2*f'(2) >
14 R < >, z€U.
4 s)gt2)
In terms of subordination (1.4) can be written as
t22f! 1+ (1-2
) 2f()  1+(1-27)z
9(2)g(tz) 11—z
By simple calculation we see that inequality (1.5) is equivalent to
t2*f'(2) ’ t2*f'(2)
- 7 1 < | —
9(2)g(tz) 9(2)g(tz)

z e U.

(1.6) +1-2y

We see that
X_1(y) =Ks(y) and X_1(0) = Ks.

We now present an example of functions belonging to this class.

FEzxzample 1.1. The function

2y —1—t 1—tz 2(1 —2v)z
1.7 = 1 — U.
(L7) e s  E L gl G T s S
belongs to the class X;(7). Indeed, f; is analytic in U and f;(0) = 0. Moreover,
poy o 1+ (1 —=29)z
fl(Z) - (1 _ tZ)(l — 2)2’

z e U.

If we put

(1.8) g1(z) = , z€0,

then g; € S*(3) and
5 ( t22f'(2) ) _ (1+ (1—29)z
9(2)g(tz) 1-=2
This means that f; € X;(y) and is generated by g;.

)>'y, z e U.

Cho and Zhou [2] and Knwalczyk and Les-Bomba [3], have obtained properties for the
function classes ICs and KCs(7y), respectively. Moreover, some other interesting subclasses of A
related to the function classes Iy and Ks(y) were considered in [4, 5]. In the present paper, we
obtained coefficient estimates, distortion theorems, covering theorems and radius of convexity
of the function class defined by (1.4).

2. COEFFICIENT INEQUALITIES
We first prove the following result.
Theorem 2.1. Let g(z) € S* (%) and given by

(2.1) 9(z) =z + Z bp2", z €U,
n=2
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If we put
9(z) g(t2) — . on
2.2 F(z) = 222220 = 02" ;
(2.2) (2) - z+n§:2cz z€U
then
(2.3) Cn = by + baby 1t + b3by_ot* + ... 4 by_1bot" 2 4 bt

and F(z) € §*.

Proof. Result (2.2) can be found easily. Also |tz| < |z| < 1, then from the definitions of
starlike function, we have

()} = ()

ZF/(Z)) (Zg’(2)>

R R +R
< F(z) 9(2)

+
This proves the Theorem 2.1. O

Therefore

Vv
N —
N | —

Remark 2.1. From the definition of the class X;(y) and Theorem 2.1, we have

2f'(2) ,
%<F(z)>>7 (0<y<1; ze),

thus
Xi(v) € Ks(y) € Ks C S.

Theorem 2.2. Let g(z) € S* (%) be a function given by (2.1)and 0 < v < 1
If an analytic function fin U defined by (1.1) satisfies the inequality

(2.4) > 2nlan| + (11— 291+ 1) Jen] < 2(1—7)
n=2 n=2

where for n = 2,3,4 ...... , the coefficient of ¢, are given by (2.3), then f € X(y) and it is
generated by g. In particular if

Z nlap| <1 -7

n=2
Proof. We set for f given by (1.1)and g defined by (2.1)

z)g(tz z)g(tz

z tz

(2.5) = Z napz" — Z | —1(2—v)z+ Znanz” +(1—2v) Z 2"
n=2 n=2 n=2 n=2

hence for z € U,we have the inequality
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n=00 n=00 n=0co n=oco
A< nfanll2* + Y fenll2]" - ((2 —29) 2" = > nlanll2 =129 Y ICnHZI">
n=2 n=2

n=2 n=2
n=00 =0
=== 2+ 3 el 4 (= 204D 3 el
n=2

( (2 —27) + Z2n|an|+ 11— 2y +1) Z|cn|>

<0
From the above calculation we obtain that A < 0. Thus by (2.5) we have

’ g(2)g(tz) , —(1—27)g(2)g(tz)
2f'(2) = = | < |7f'() + )

which is equivalent to inequality (1.6)and also to the inequality (1.4). Thusf € X;(y)and
it complete the proof.

< zelU

Theorem 2.3. Let 0 < v < 1. Suppose that an analytic function f given by (1.1) and g € S*(%)
given by (2.1) are such that condition (1.4) holds . Then for n = 2,3,........... we have

=n
(2.6) n’lan® =41 =47 < (12y =17 =1) > |exl?
where ¢, is defined by (2.83). In particular , if g(z)= z, then

nlan| < 2(1 —7)

Proof. Sincef € X;(7), for some g € S*(3) the inequality (1.6) holds. From the lemma, which
was proved by Owa(sec[6]) with « = 3 =1, we have

2f'(z) _ 14 (27 — 1)2¢(2)
9(2) 1+ 2¢(z)
where ¢ is an analytic function in U, |¢(z)| < 1, for z € U and g is given by (2.1). Then

(2f'(2) - (2’7 — 1)F(2)) 26(2) = F(2) — 2f'(2)
Now if we put  z¢(z) = > -7 vp2"
we see that |z¢(z)| < |z], for z € U. Thus

zelU

n=oo

(2.7) ((2—27 z+ Znanz —(2y-1) chz > Z Zanz - Znanz
n=2 n=2 =

we compare co-efficients in (2.7). Hence we can write for n > 2

k=n—1 k=n
<(2 —2v)z + Z kayz" — (2v—1) chzk> 2¢ chz — Z kayz* + Z dy2*

k=2 k=2 k=n+1

Then we square the modulus of both sides of the above 1nequahty and the we integrate
along |z| = r < 1. After using the fact that |z¢(2)| < |z| < 1, we obtain
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k=n k=n k=0 k=n—1 k=n
D lerlPrF ) lkaprt 4 Y 1dePrF < 2=29Pr% 4 ) [kapPrF 2y =12 el
k=2 k=2 k=n+1 k=2 k=2

Letting r — 1, wehave

k=n k=n k=n—1 k=n
D lekl+ ) kar? <12=207 + D kan?+ 2y =17 ) el
k=2 k=2 k=2 k=2
Hence
k=n
Flag? =41 =) < (12 = 1P = 1)) Y ek
k=2
Thus we have the inequality (2.6), which finishes the proof. O

Theorem 2.4. Let 0 <~ < 1. If the function f € Xi(v), then

(2.8) lan| < {|cn|+2 (1—~ (1+Z|ck|)}, kEeN.

Proof. By setting

1 2f(z
(2.9) e ( Ff((z)) - fy) =h(z), z€U,
or equivalently
(2.10) 2f'(z) =1+ (1= 7)(h(z) = D] F(2),
we get
(2.11) h(z) =14diz+dp2®+---, z€U,
where R(h(z)) > 0. Now using (2.2) and (2.10) in (2.11), we get

(1—=7)di +c2
3az = (1 —y)(d2 + dic2) + c3
(1 ’y)(dg + doco + d163) +cy

2&2

4(14 =

nay, = (1 —y)(dp—1 + dp—2ca + - -+ dicn_1) + cp.
Since R(h(z)) > 0, then |d,| <2, n € N. Using this property, we get
2]az| < e +2(1 =),
3las| < fe3| +2(1 =) {1 +[eal}
and
Afas| < lea| +2(1 =) {1+ |ea| + [es]}

respectively. Using the principle of mathematical induction, we obtain (2.4). This completes
proof of Theorem 2.4 (Il

Corollary 2.1. Let 0 <~ < 1. If the function f € Xy(~), then
(2.12) lan] < 14 (n—1)(1—7).
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Proof. From Theorem 1, we know that F(z) € S*, thus |¢,| < n. The assertion (2.12), can
now easily derived from Theorem 2. O

Remark 2.2. Setting t = —1 in (3

main3

), we find that
con =0, neN,
c3 = 2by — b3, 5 = 2b5 — 2boby + b3, ¢7 = 2by — 2bobg + 2b3bs — b2, - -
thus
Con—1=DBop_1,n=2,3,---,

where

Bop_1 = 2bay—1 — 2bobop_o + -+ + (=1)"2by_1bpy1 + (1) 102, n=2,3,--- .
Therefore, setting ¢ = —1 in Theorem 2.2 and using the known inequality [2, Theorem B]
|BQn—1| S 17 n= 2737‘ )

we get the corresponding result due to Geo and Zhou [2].

Theorem 2.5. Let 0 <~ < 1. If the function f € A satisfies

(2.13) D {Inan —col + (1 =)lenl} < 1-7, 2€T,

n=2
then (=) € Xi(y)
Proof. 1f f satisfies (1.2), then

2 p1
(2.14) ‘tzf@)—4<1—7,zeu
9(2) g(tz)
Evidently, since
t22f'(2) Z4 300 on apz”
SISV = —1
9(2) g(tz) Z4 Y pen Cn2"

_ Z?’f:z(nan - Cn)zn_l

14 Yoy cpz !

we see that

ORI > )

9(2) g(tz) T = el

Therefore, if f(z) satisfies (2.13), then we have (2.14). This completes the proof of Theorem
2.5 U
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3. DISTORTION AND COVERING THEOREM

Theorem 3.1. Let f € X;(v). Then the unit disk U is mapped by f(z) on a domain that
1
contain the disk |w(z)| < i

Proof. Suppose that f(z) € X(7), and let wy be any complex number such that f(z) # wy
for z € U. Then wy # 0 and

wof(z) < 1 ) 2
3.1 ———=z4+ a2+ — |+ -
(3.1) wo — f(2) > wg
is univalent in U. This leads to
1
Wo

on the other hand, from Corollary 2.1, we know that

(3.3) lag] <2—7, 0<y< 1.
combining (3.2) and (3.3), we deduce that
1 1
3.4 > > .
(34) ’woy_]a2\+2_4—’y
This completes the proof of Theorem 3.1. O
Theorem 3.2. Let f € X,(v), then we have
1—(1=2y)r , 1+ (1—2v)r
. — < < — = < 1
(35) s <@l i (e =0 << )
and
"1—-(1 =297 "14(1—2y)7
. ——————dr < < ——d = < 1
60 [ <l < | S (A= ro<r<y

Proof. Suppose that f(z) € X;(vy). From the definition of subordination between analytic
functions, we deduce that

1—(1=2y)r _ 1= =29w(x)| _|tz*f'(2) | _|2f'(»)
L+r 7 14w 7 |g(z)g(tz) F(z)
(37) _1- (117:’121)7(?)1‘0(,2)! S (11_—r2’Y)r (el =r0<r<1)

where w is Schwarz function with w(0) =0 and |w(z)| < 1, z € U. Since

pis) — 129002)

tz
is an starlike function, it is well known that [1]
r r
. — = < |F < = < 1).
(38) T <P < g (Rl =r0<r <)
Now it follows from (3.7) and (3.8), that
1—-(1-2 1 1-2
L=y < 2 A2 o< cn),

(1+7)° (1—7r)3
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Let z =re? (0 < < 1). If £ denotes that closed line segment in the complex (-plane from
¢ =0 and ¢ = z, then we have

= / f(¢)d¢ = /r fl(re®edr (|z| =r,0<r<1).

Thus by using upper estimate in (3.5), we have
14+(1-2
\—‘/f dC‘ /]f e’ \d7</NT(\z\:r,O§r<l)),
-7
which yields the right hand side of the inequality in (3.6). In order to prove the lower bound in

(3.6), it is sufficient to show that it holds true for zg nearest to zero, where |zg| =7 (0 < r < 1).
Moreover, we have

[F () = [f(z0)] (|z] =70<r<1).
Since f(z) is close-to-convex function in the open unit disk U, it is univalent in U. We deduce

that the original image of the closed line segment Ly in the complex (—plane from ¢ = 0 and
¢ = f(z0) is a piece of arc I in the disk U,, given by

={z:2€C and |z|<r (0<r<1)}.

Since, in accordance with (3.5), we have

= w| = /Z z T—l_(l_Q’}/)TT Zl =T T
s1= [ = [17Ele 2 [T (s = o< <)

This completes the proof of Theorem 3.2. (I

4. RADIUS OF CONVEXITY
Theorem 4.1. Let f € X;(7y), then f(z) is conver in |zo| < 70 =2 — /3.

Proof. When f(z) € X(v), there exists g(z) € S*(1/2) such that (1.4) holds, then F(z)
defined by (2.2) is a starlike function, so from (1.4) we have

(4.1) 2f'(z) = F(2)p(2),

where p(0) = 1 and R(p(z)) > 0. From (4.1), we have

G _ PG )

f'iz)  F(z)  p(2)

so on using well know estimates [1], we have

e e e )

1+

1—7r zp'(2)
1+ p(2)
1—7r 2r r2—4r+1
4.2 > — =
(4.2) “14+r 1—1r2 1—1r2

It is easily seen that, if 72 — 47 + 1 > 0, then R {1 + Z){:ES)} > 0. Let

(4.3) H(r)=7r?—4r +1,
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since H(0) = 1,H(1) = =2, and H'(r) = 2r —4 < 0, 0 < r < 1, this shows that H(r)
is monotonically decreasing function and thus equation H(r) = r? — 4r + 1 has a root rq in
interval (0,1). On solving equation (4.3), we get ro = 2 — /3.

Thus when r < rg, {1 + ZJ{,lES)} > 0, that is, f(z) is convex in |z| < r¢. This completes
the proof of Theorem 4.1. [l

5. FEKETE-SZEGO INEQUALITY

In this section we assume that the function ¢(z) is an univalent analytic function with
positive real part that maps the unit disk U onto a starlike region which is symmetric with
respect to real axis and is normalized by ¢(0) = 1, and ¢’(0) > 0. In such case , the function
¢ has an expression of the form ¢(z) =1+ Bz 4+ Baz + .......... ,B1 >0

Theorem 5.1. for a function f € X;(7),the following sharp estimate holds:

4 2-2vy 2y 42
—uall < = 27 N C
o p] < 5+ mar { 252200 e
Proof. Since the function f € X;(),there is a normalized analytic function g € S* (%) such
that )
tz°f'(z
LGy
9(2)g(tz)

By using the definition(1.1) we find a function w(z) analytic in U , normalized by w(0) = 0
satisfying |w(z)| < 1 and

211G s
(51) Sl = ()
By writing w(2) = w12z + wez? + ..coe. we see that
p(w(z)) =1 —2ywiz + {2(1 — y)ws — 2yw?) } 22+ (5.2)

Also by g(z) given by (2.1)

t
g(z)ti(z) = 2+ (by 4 thy) 2% + (b3 4 t2b3 + b3t) 23 + e
and therefore
tz 1
————— == — (by + bat)z — (b3 + b3t> + b3t)z* — ...
gtz z i (et bt
Using this and the Taylor’s expansion forz f’(z), we get
t2*f'(2) 2
5.3 ———= =14 2a92+ (3ag — by — bat)z" + .............
>3 sa(t2) ( :

using (5.1),(5.2)and (5.3)we get
2a9 = —2vywy
3ag — by — bat = (2 — 27y)wg — 2’yw%
3a3 = (1 +t)by + (2 — 27)wy — 2yw?
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this shows that

1 22 2 + puy?
=g = pa+ o+ 20 fu - (B0

By using the following estimate ([7,inequality 7,p-10)

we — Mwf| < maz {1, A}, (A€C)

for an analytic function w with w(0) = 0 and |w(z)| < 1 which is sharp for the function

w(z) = 2% or w(z) = z, the desired result follows upon using the estimate that |1 +t| < 2,
and |b2| < 2.
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