Convexity Adjustment — Effect of Stochastic Rate on Forward of
Driftless Asset

Ranjit Kumar!*
YWorking as Quantitative Analyst in Investment Bank

Mumbasi, India.

Abstract
We provide a straightforward calculation for the convexity adjustment of the forward on driftless
asset using the Hull-White model for interest rate in the T-forward measure. Calculation in bond
numeraire is also provided. In previous article we showed that the convexity adjustment manifests
when an interest rate is paid out in the ”"wrong” currency [7]. The convexity adjustment also
results from higher order derivative in stochastic calculations due to the use of Ito’s calculus. In
general, the convexity adjustments depends on the variance (implied volatility), correlation and

time to maturity of the underlying process.
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I. INTRODUCTION

We provide a simple derivation for the convexity adjustment of the forward on driftless asset
using the Hull-White model for interest rate in both the money market (risk-neutral mea-
sure) and bond (7T-forward measure) numeraire [IH8]. We demonstrate that the convexity
adjustment depends on the implied volatility of the assets and correlation p between the in-
terest rate and asset price as well time to maturity of the trade. The convexity adjustment
is zero for deterministic rates. Furthermore, the convexity adjustment is zero when the asset
is not driftless with mean rate of return r. Note that in all cases, we assume that the asset
return follow geometric Brownian motion. The next article will provide the calculation for
asset return following the arithmetic Brownian motion (ABM). The outline of the article is
as follows: Fundamental of stochastic calculus is discussed in Section [[Il This section also
discusses the fundamental theorem of asset pricing and change of numeraire. Forwards are
discussed in Section [[TI} Convex function are briefly discussed in Section [[V] The calulation
in bond numeraire and money market numeraire of forward on driftless asset is provided in

Section [Vl We summarise the results in Section [VII

II. FUNDAMENTAL OF STOCHASTIC CALCULUS
Money Market

Let risk free rate r(t) is stochastic. Then the money account can be written as
B(t) = B(0)edor
dB(t) = r(t)B(t) dt

Note that there is no W(t) term in the dB(t) equation.

Martingale

Consider a random variable S(¢). The random variable S(t) is martingale if
S(t) = E¥[S(T)|F]

In other words, a martingale is a sequence of random variables in which the conditional

expected value (conditional on the current value) of the next variable, is the current value.
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Numeraire

A numeraire N(t) is any tradeable asset, such that N(t) > 0. The relative price of an asset

S(t) is defined by

SN(t) = ]5\;((?)

In other words, numeraire is a unit in which the price of an asset is expressed. Note that
we will take only non-dividend paying asset as numeriare. Some of the most used examples

of numeraire are

e Domestic Money Market Account: The associated risk neutral measure is denoted

by Q4

o Foreign Money Market Account: The associated risk neutral measure is denoted

by Q/
 Bond of Maturity 7: The associated risk neutral measure is denoted by 7'.

« Non-Dividend Paying Stock Price: The associated risk neutral measure is denoted

by S.

A. Fundamental Theorem of Asset Pricing
First Fundamental Theorem of Arbitrage Pricing

The market is arbitrage free if and only if there exist an equivalent martingale measure N.

» The arbitrage free market means the existence of a numeraire N(¢) and an equivalent

measure N.

An important consequence of this theorem is the arbitrage pricing law, i.e.,

el

N(t) (T)
In other words, the relative price of the asset % is a martingale. This relation is also true
for the derivative V' (1), i.e.,

Vit V(T

N(t) (T)



If the numeraire is money market then

V(t) = E° [%V(T)‘f@)} — E° {effr(u) du V(T>’f(t)]

When the derivative contract is bond, then
V(t)=P(t,T) and V(T)=P(T,T)=1

and hence

T
P(t,T) = E® [eﬂ r(w) du

0]

Second Fundamental Theorem of Arbitrage Pricing

An arbitrage free market is complete if and only if the equivalent martingale measure N is

unique.

 In a complete arbitrage free market, to a given numeraire N (t) corresponds to one and

only one martingale measure N.

Thus in a complete market, for each numeraire N (t), there exist a unique equivalent mar-

S@)

O] is no longer a martingale

tingale measure N. If we chose another numeraire M (t), then

under N. But the market completeness assures that there exist another equivalent martingale

measure M, such that % is a martingale under M. Therefore
S(t S(t
M(t) M(T)

B. Numarare and Change of Measure

With the help of Radon-Nikodym derivative we can pass from measure N to measure M.

The change of measure in terms of numeraire N(t) and M (¢) can be expressed as

N(t)
L(t) = % - fj(fz
Proof: We know that

4



Now change the measure on right hand side, we obtain

N(t) M(t) dM
EN T)——= — EN T\
S| 7 = B s )
Equating the terms inside the expectation, we obtain

N(t

dM _ (D

O M(t

dN M%

Thus with the help of Radon-Nikodym derivative we can go back and forth between the two

equivalent martingale measure.
1. Forward and Bond Measure

In forward measure, the price of derivative V (t) at time ¢ is given by

From here we can write

V(t)=P(t,T) E" [P<T 7

and in bond measure, the price of asset is

which can be written as
v
=B(t) E* | 5=
Vi = 50) £ ()

Comparing the above two equations, we obtain

e 4] - 5
Therefore,
R O R

Hence
dQ" _ B




2. T-Forward Measure

In T-forward measure, P(¢,T') is used as numeraire. The equivalent martingale measure
associated with using P(t,7) as numeraire is also known as T-forward measure. In 7-
forward measure, we use P(t,T) as numeraire

vy o[ V(D)
PaT)  © [P(T,T)‘f(t)]

Sine P(T,T) = 1, we get

V(t) = P@t,T)E" [V(T)| F(t) = E© [6— 7 r(w) du

F(o)| BT (VD) F ()
Also
V(t) = E© lV(T)‘]—"(t)} = EV[P(t,T)V(T)| F(t)]

Therefore,
o [BBé;))V(T)| ]—"(t)] _gT l]f((jt:7§))V(T)| .F(t)]

The Radon-Nikodym derivative can be obtained as follows:

ET l lf ((;’ ?)V(T)’f(t)] = E¢ l ]]j((;’ TT)>V(T) : Zg ]-"(t)]
where
T dT
E'[X]=E® [XdX J-"(t)] (2)

Comparing these two equations, we obtain

Q — Feh P17

T
dT B m e_ft r(u) du
t

3. Unnatural Rates

Convexity adjustment manifests when an interest rate is paid out at the "wrong” time or in
the "wrong” currency [6, 9]. Consider the scenario where a zero coupon bond with a time
to maturity of 7" is the numeraire and we have an unnatural Libor payout Xg with time to

maturity S that is to be evaluated as an expectation under an unnatural terminal forward
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measure T. There is clearly a timing mismatch between the payoff with maturity S and the
terminal forward process T with zero coupon numberaire with maturity 7" with T' < S. We
know that

V(t) = P(t,T)E" [V(T)| F(t)]

Under the unnatural measure, we wrongly estimate the price by utilising this equation.
V(t) =Pt T)E" [V(S)| Ft)], t<T<S 3)

Note that the convexity adjustments for unnatural rates are due to timing lags in the rate
process rather than the payment date. We denote unnatural rate or payoff by V(T'). Whilst
payment is made at time 7' the underlying rate has a timing adjustment such as a fixing lag.
It is no longer a martingale with respect to the measure being used. Now using Eq. , we

can change the measure in the expectation within to a martingale measure as follows,

dT
dQ

Martingale

ET[V(T)| F(t)] = E° [V(T) }“(t)]

Not a martingale

Let us choose P(t,T) be the numeraire of the unnatural measure T and B(t) for the natural
measure () evaluated at time t. Since

B(t

dT _ w5 _ BOP(T.T)

dQ ~ PCI) T B(TVP(t,T)

P(T,T)
Therefore
— EOV(T)R(T)| F(t) = E® [vm(g}(f))‘ f@]
where
a(1)
RT) =T
and
P(t,T)
“O= "5



We can further simplify above equation as

ET[V(T)| F(t)] = E°[V

(O] + B [V(T) (R(T) — 1)| F(1)]

()] + E© [V(T) <c(¥;((€)) — )'}"(t)]

For a (Q-martingale process, the convexity adjustment is therefore given by

CA=EY [V(T) (Cé((? - >|]-"(t)]

We need joint density function of V(T') and R(T) to estimate the convexity adjustment.

Please see Ref [0, O] for detailed discussion on this topic.

III. FORWARD

A forward contract is a non-standardized contract between two parties and they are traded
in the OTC market. In forward contract one party takes the long position and agrees to buy
the underlying asset at a specified price on the specified date, while the other party takes

the short position and agrees to sell the asset on the same date at the same price.

A. Forward Price

It is an agreement to pay a specified delivery price K at time T for an asset whose price at
time t is S(t). We consider the following strategy: buy the stock S and sell K zero-coupon
bonds with maturity 7. The value of portfolio at time ¢ is given by

I, =S(t)— KP(t,T)
The value of portfolio at time T is
Iy =S(t)— KP(T,T)=5(t) — K

The forward price F(¢t,T) at time ¢ is the value of K that makes the contract price zero.

Hence

F(t,T) =




If r is constant, then

F(t,T) = S(t) T

The risk neutral price of forward contract is given by

VILT) _ a [V(T, T)] _ EQ lw(l?(;)[()|ﬂt)1

B(1)

B(T)
From here we get

V(t,T) = B9 [B(t) Vg’T? ' ]-"(t)]

_ o |:€LTT(U) d“(S(t) — K)‘]:(t)}

The forward price V (¢,T') at time ¢ is the value of K that makes the contract price zero.
T
foc {e_ft (W) du(g(T) _ K)‘ J—“(t)} —0

From here we get
EQ [e—ﬁ ) d”S(T)‘ f(t)}
)

In T-forward measure, this equation may be written as

ET[S(T)|F(®)] - P, T)
P(t,T)

K= .
EQ |:6_ft r(u) du

K =

= ET[S(T)| F(t)]

1. Impact of Stochastic Rates On Forward of Equity-Like Asset

In risk-neutral world, the stochastic differential equation for equity may be written as
dS(t) =r(t)S(t) dt + o5 dW?(t)
where o, is assumed to be constant. Let us define a new stochastic process
Z=InS
Then using It6’s lemma, one can show that
dZ(t) = <r(t) — 05) dt + o5 dW?*(t)
Integrating this equation in the limit ¢ to T, we obtain
S(T) = S(t)el @ du=F =0 [l o s
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Therefore, the forward price for the equity like asset may be written as

BQ [e Ji d“S(T)’ f(t)]
P

F(LT) =

EQ | e~ LT r(u) du S(t) @ftT r(u) dufé(Tft)JrLT os dW*(u)

70

P(t,T)
EQ | S(t)e=F@-0+[] 70 awew)

P(t,T) P(t,T)

where
B[l or aveeo

}"(t)] — % (T-)

Hence forward price remains unchanged for stochastic interest rates. Similarly, in the T-

forward measure, we have

BV SOIF0] = B | e s ] = o

Thus the answer remains unchanged.

2. Forward Curve From an Asset Price

Let the asset follow the geometric Brownian motion
dS(t) = S(t) dt + o S(t) dW;
The forward price of asset at time ¢ is given by
F(t,T) = E[S(t)|F]
Show that forward curve follows
77:) = o dW,

Proof: Since
S(t) _ S(t) 6(#*%)T+U(WT*W0

Then



Hence

F(t,T) = E[S®t)|F] = S(t) "

Furthermore,
oOF OF 1 O*F
F(t,T) = — — - 2
dF(t,T) 5 dt+85<t> ds(t) + 2051 dS(t)” +
= —uS(t) eI dt 4+ T 45 (t)
= o S(t) !TD AW, = o F(t,T) dW,
Hence
dF(t,T)
Fer) 7

The forward on asset follows driftless geometric Brownian motion.

IV. CONVEXITY

In this section we will briefly discuss the convex function. A function f : R® — R is convex
if
Oz + (1= Ay) < Af(z) + (1= A f(y)

where A € [0, 1].

(4, %))
(nd)

FIG. 1: Example of a Convex Function. Geometrically, the line segment between any two points

on the graph of the function lies above the graph between the two points.

A. Examples of Convex Function
ax
o —In(z)
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Note that if f(z) has a second derivative in [a, b], then a necessary and sufficient condition
for it to be convex on that interval is that the second derivative f*(z) > 0 for all x in [a, b)].
As an example let us consider Weiner process W (t) and a function f = f(WW(¢)). Then

using the It6-Doeblin formula [2], we get

AWV (1)) = (w AW (1) +

10°f(W(1)

SREIAGE (dW(t))* 4+ Small Error

Note that the second order term 1 f" (W (t)(dW(t))? capture the curvature of the function.
Let
FW () = W*(t)

Then
df (W (t) = 2W () dW (t) + dt + O (£*/?)

B. Convexity of Stock’s Price — Adjustment Due to It6’s Lemma

Let the stochastic differential equation for the asset is assumed to be of the form
dS(t) = r(t) dt+ S(t) o5 dW?(t)

Let us define
f(5(t)) = In(S(2))
Again using the It6-Doeblin formula [2], we get

r(s(0) = 225D g+ 2HED

2
9S(t) (dS(t))* + Small Error

From here we get
1
df(S(t) =7 dt + o, AW*(t) = S0 dt + O (#*?)

Integrating this equation, we obtain

Since the Brownian motion W*(t) is martingale, the function

S(0) W)
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is not a martingale but

5(0) em W O-4o

is a martingale and hence the mean rate of return of asset is not equal to r — %2, it is equal

to r. Note that the convexity of the function e imparts an upward drift to S(0) e”="W"®).

The correction term is

Note that this equation can also be written as

_USXO'SXPS’S

S(0) e

where p*® = 1, i.e., the correlation of stock return with itself. Thus the convexity adjustment
depends on the product of implied volatility of the underlying, the correlation between the
underlying and the time to maturity ¢t. We will see this relation later in the Section [V} If
r =0, then

dS(t) = S(t) o, dW*(t)

Then
Ug
S(t) = S(0) e7s W H=5

is a martingale. Let us also consider the case of arithmetic Brownian motion
dS(t) = p dt + o5 dW*(t)

Note that there is no convexity adjustment in this case because we do not need a transfor-

mation like in the previous case.

V. IMPACT OF STOCHASTIC RATES ON FORWARD OF A DRIFTLESS ASSET
A. Calculation In Risk Neutral Measure

Consider the case of forward on a future index. The stochastic differential equation for the

asset and the rate is assumed to be of the form
dS(t) = S(t) o5 dW?(t)
dry(t) = —04[ra(t) —Ta(t)] dt + o4 AW(1)
(W), wie)) = p™t
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Integrating the first equation, we obtain

S(T) = S(t) =% (M=ol (w0

To integrate the second equation, we first multiply it by the integrating factor e, i.e.,
d [eadt rd(t)} = Pt ry(t) dt + e drgy(t)
= &P ry(t) dt + ™" |~ 0a[ra(t) — Ta(t)] dt + oy dW(t)]
= 04 74(t) € dt + aq Pt AW(t)
Integrate from ¢ to s, we obtain

/ts d [eedt rd(t)} = /ts 04 Ta(u) e du + /ts og % AW (u)

This in turn yields

ra(s) = rq(t)efals= +/ O Ta(u) e %= dy + ad/ e~ 0als=) qyd(u)
t

t

Again integrate from ¢ to T with respect to s and change the order of integration
T T T ¢ s
/ rq(s) ds = / rq(t)e 0478 ds +/ {/ 04 Tg(u) e fals—w du} ds +
t t t t

T s
O'd/ {/ e~ fals—) de(u)} ds
¢ Ut

= r4(t) ba(t, T) + ag(t,T) + o4 /tT ba(s,T) dW*(s)

where
T ra(t) ’
/ rd(t)e_ed(s_t) ds = —-22 g=fals=1)
t 9d "
— rd(t) [1 — G_Gd(T_t)} = T‘d(t) bd(t,T)
04
Similarly,
T s T u
/ {/ 04 T4(u) e bals—w du} ds = / {/ 04 Tg(u) e bals—w ds} du
t t t t
T
- / 0 Ta(w) ba(u, t) du
t
and

T s T U
Jd/t {/t e ~bals—u) de(u)}ds = Jd/t {/t e~bals—u) ds} dW(u)
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Finally, the expression for discounting factor may be written as

o Ji ra(s) ds _ =ra(®) ba(tT)=aa(t.T)+0a [, balsT) dWi(s)

Then
E® [6 ftT ra(s) ds] — E@ [em(t) ba(t,T)—ag(t,T)+04 |, T bg(s,T) dWi(s)

02 T
— o 7a®) ba(tT)—ag(t.T)+ [ b3(s,T) ds

Since

T
P(t,T) — FE9 {e—ft rq(s) ds

02 T
— o ra®) ba(tT)—ag(t. D)+ [ b3(s,T) ds

It can be written as

”2
P(t,T) €—Td ftT b2(s,T) ds _ e—rd(t) ba(t,T)—aq(t,T)

Hence

o2
P(t,T) % SRR T) ds—oa [ ba(s,T) aWi(s) _ =ra(t) ba(tT)=aa(tT)=0q [, ba(s,T) dW(s)

— e ftT rq(s) ds (4)

Since

S(T) = §(t) e~ % T-D+asV*(@)-W*(0) (5)
Using Eqgs. and , we get

2
e ftT rq(s) ds S(T) _ P(t, T) 6—7‘1 ftT bﬁ(s,T) ds—oyg ftT ba(s,T) dW(s) .

S(t) e F =040 WH)-W (1)

Hence

EQ [ S rat) as S(T)’]—"(t)] —

0'2 o
E< S(t) P(t,T) o ftT b2(s,T) ds—oy ftT ba(s,T) de(s)§(Tt)+05[WS(T)WS(t)}‘|

= S(t) P(t, T) e—Ps’dasad ftT ba(s,T) ds
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Hence
T T

o[ 08 | 0
P(t,T)

Thus the use of stochastic rate introduces an extra term in the stock’s price

— S(t) e oo bale ) s

T
e—PS"dUsUdft ba(s,T) ds

Hence the convexity adjustment is

T
CA = e—ps*dasad ft ba(s,T) ds 1

For deterministic rates, we have

Therefore,

CA=¢"—1=0

As expected, the convexity adjustment is zero for deterministic rates.

B. Calculation In T-Forward Measure

The geometric Brownian motion in the risk-neutral world is written as
dS(t) =r(t)S(t) dt + osS(t) dW*(t)
The corresponding Brownian motion in 7T-forward measure can be written as

dWsT (u) = dW*(u) + p*lo,op(t,T) dt

where p®? is the correlation between asset S and rate rqy and op(t,T) is the bond volatility

and is given by

Op(t,T) = 0¢q bd(t,T)

Here op(t,T) is the HIM bond volatility and it follows from the equation

dP(t,T) = r(t)P(t,T) dt — op(t, T)P(t, T) dW*(t)

To make connection with the short rate process seen earlier, we use the result for bond price

under Hull-White model
P(t, T) = B_Td(t)c(th)—A(t,T)
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where

O, T) = /T ba(s, T) ds

t

This implies that
dP(t,T) = r(t)P(t,T) dt — op(t,T)P(t,T) dW(t)
We can now write the dynamics for the driftless asset
dS(t) = o5 S(t) dW*(t)
In the T-forward measure

dS(t) = —p*lo,op(t,T) dt + o, AW (1)

Therefore,
S(T) = S(t) "o i oraT) ds=3od(T=0+ [ o0 aw> ()
Now
O'p(t, T) = O'dbd<t, T)
Hence

ET[S(T)] = S(t) e "o )i or(s1) ds

This is same as derived under risk-neutral measure.

VI. SUMMARY

We demonstrated that the convexity adjustment of the forward on driftless asset depends

on the implied volatility of the asset and interest rate and correlation p between the interest

rate and asset price as well as time to maturity of the trade. We also demonstrated that the

convexity adjustment is zero for deterministic rates. Furthermore, the convexity adjustment

is zero when the asset is not driftless with mean rate of return r. In previous article we

demonstrated that the convexity adjustment occurs when an interest rate is paid out in

the "wrong” currency [7]. Note that in all cases, we assume that the asset return follow

geometric Brownian motion. The next article will provide the calculation for asset return

following the arithmetic Brownian motion (ABM).
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